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(sliced inverse regression)

par seuillage doux/dur de la matrice d’intérêt
Hadrien Lorenzo1,3 & Jérôme Saracco1,2,3 & Clément Weinreich1,2

hadrien.lorenzo@u-bordeaux.fr

1 ASTRAL Team, Inria, Talence
3 OptimAI team, IMB, CNRS UMR 5251

Tuesday June 16th 2022

H. Lorenzo Variable selection via thresholded SIR Thursday June 16th 2022 1 / 18



The SIR model Thresholdings Example Simulations Conclusion References Appendix

SIR, a semi-parametric model

Theoretical context : The semi-parametric single index model
from Duan and Li 1991 as

y “ fpβ1xq ` ϵ (1)

where:
▶ y is a univariate response variable,
▶ x P Rp , covariates, such as Epxq “ µ and Vpxq “ Σ,
▶ ϵ is independent of x,
▶ f the link function and β P Rp the euclidean parameter are

unknown.

f being unknown, β is not fully identifiable.
However, it is possible to estimate the space generated by β, called
EDR (Effective Dimension Reduction) space.
Note : The model (1) can be generalized to a non-additive and
heteroscedastic noise.
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Estimation of the EDR space and f

The estimation of the SIR model involves 2 steps:
Estimation of the EDR space

Γ “ V rEtx|Tpyqus “
řH

h“1 phpmh ´ µqpmh ´ µq1

▶ T a slicing function which cuts the Y support into H slices
ts1, . . . , sHu

▶ ph “ PpY P shq and mh “ ErX | Y P shs,
▶ The principal eigenvector of Σ´1Γ, denoted b P Rp , is an EDR

direction.

ùñ The principal eigenvector b̂SIR of Σ̂´1Γ̂ is an estimated EDR
direction. This estimation, suffers from the curse of dimensionality.

Estimation of f
Use of a non-parametric kernel estimator on py, b̂ 1

SIRxq.
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Soft thresholding

λ
− λ

Sλ(x)

Figure: Soft thresholding

Sλpxq “ signpxq ˆ

"

|x |´ λ if |x |´ λ ą 0,
0 else.

(2)

ùñ Soft thresholding: continuity, but bias for high values.
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Hard thresholding

λ
− λ

Hλ(x)

Figure: Hard thresholding

Hλpxq “

"

x if |x |´ λ ą 0,
0 else.

(3)

ùñ Hard thresh.: no bias for high values, but discontinuity.
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ST-SIR and HT-SIR estimators

▶ b̂ST´SIRpλq: principal eigenvector of SλppΣ´1
n

pΓnq.

▶ b̂HT´SIRpλq: principal eigenvector of HλppΣ´1
n

pΓnq.

The choice of the thresholding hyper-parameter λ must pro-
vide a balance between
▶ correct variable selection,
▶ low distortion of the estimated direction b̂SIR too much.

ãÑ λ̂opt ùñ selection of p̂‹ selected variables.
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Before variable selection...

▶ b̂SIR : SIR estimator based on the p variables.
▶ b̂HT´SIR :“ b̂HT´SIRpλ̂opt´HT q.
▶ b̂ST´SIR :“ b̂ST´SIRpλ̂opt´ST q.

... after variable selection

1. Consider the p̂‹ selected variables (based on λ̂opt´ST q).

2. b̂‹
SIR : estimated EDR direction using the“reduced” SIR model

based on the selected p̂‹ variables.
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Example: the simulated regression model

y “ px 1βq3 ` ϵ,

▶ β “ p1, . . . , 1, 0, . . . , 0q1 P Rp ,
here p “ 20 and p‹ “ 10

▶ x „ Np0, Ipq

▶ ϵ „ Np0, 10q and ϵ KK x. −5 0 5

−
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0
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0
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ratio V(epsilon)/V(y)= 0.1

Figure: Sample size n=300,
Noise to signal ratio “ 0.1
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Simple case: comparison between HT-SIR and ST-SIR

% of relevant variables optimal λ cos2 (β , b̂SIR)
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Overall results for that case

HT-SIR and ST-SIR, similar results in selection:

▶ p̂˚ “ 10 variables selected over the p “ 20 variables.

▶ List of the p̂˚ “ 10 selected variables :
X1,X2,X3,X4,X5,X6,X7,X8,X9,X10

Very good estimation of the EDR direction:

▶ cos2pβ, b̂HT´SIRq “ 0.98

▶ cos2pβ‹, b̂‹
SIRq “ 0.99
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Simulation plan

Same regression model: y “ px 1βq3 ` ϵ

▶ β “ p1, . . . , 1, 0, . . . , 0q1 P Rp ,
▶ x „ athcalNp0, Ipq

▶ ϵ „ Np0, 10q and ϵ KK x.

Simulations with various values of pn, p, p˚q:
▶ n P t200, 300, 500u

▶ p and p‹ so that
p‹

p
“

1
5

ãÑ pp, p‹q P tp25, 5q, p50, 10q, p100, 20qu

▶ Noise to Signal ratio: Vpϵq{Vpyq P t0.1, 0.01u

N “ 100 replications considered for each case.
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Simulations with n “ 500, p “ 25, p‹ “ 5, NTS ratio“ 0.1
Comparison of cos2
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Simulations with n “ 500, p “ 25, p‹ “ 5, NTSratio“ 0.1
Selection performances
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(b) Variables selected in the reduced
model
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Increase p from 25 to 50 and p‹ from 5 to 10
Comparison of cos2

SIR HT−SIR ST−SIR ST−SIR−p*

0.
80

0.
85

0.
90

0.
95

1.
00

co
s²

H. Lorenzo Variable selection via thresholded SIR Thursday June 16th 2022 14 / 18



The SIR model Thresholdings Example Simulations Conclusion References Appendix

Increase p from 25 to 50 and p‹ from 5 to 10
Selection performances
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Decrease n from 500 to 300
Comparison of cos2
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Decrease n from 500 to 300
Selection performances
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Concluding remarks

▶ No significant difference in variable selection between HT-SIR
and ST-SIR.

▶ Efficient for p ă n for the two approaches.
▶ Bootstrap could stabilize the results and make them more

robust (under investigation).
▶ Other thresholding methods (such as SCAD) could also offer

interesting results (under investigation)
▶ An R package is under development!
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Appendix
Choose the optimal lambda - Exemple 1
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Figure: Index of the lambda from which the variable i is useless
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